Written Exams 2015/16 by Cattabriga, Alessia
May 24, 2016 Universitary badge n. . . . . . . . . . . . . . . . .
Linear algebra - total exam
Oral exam on:  May 26  June 29  July 14
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the matrix with real coefficients
A =
 2 0 k + 10 1 + k2 0
k + 1 0 2
 .
(a) Find the values of k ∈ R such that A is regular. Choose one of
them and solve the system Ax = (2, 2, 2)T . (2+2 points)
(b) Find the values of k ∈ R such that A is positive definite. Choose
one of them and find the canonical metric form of the quadratic
form q(x) = xTAx.(2+1.5 points)
(c) Find the values of k ∈ R such that 0 is an eigenvalue of A. Choose
one of them and find a (multiplicative) spectral decomposition for
A. (1+5 points)
(d) Choose a value of k ∈ R and compute A6. (1.5 points)
(e) Prove that, for all values of k ∈ R, the vector (1, 0, 1) is an eigen-
vector of A and find the corresponding eigenvalue (depending on
k). (2+0.5 points)
2) Consider the matrix with real coefficients
A =
(
1 2 3
−1 −2 −3
)
(a) For each of the four subspace associated to A compute a basis and
the dimension. (4 points)
(b) Find a Cartesian representation for C(A). (2 points)
(c) Prove that the system Ax = (1 1)T is impossible and find the
least square solution. (0.5+5 points)
(d) Compute the projections of (1, 1) on both C(A) andN (AT ). (1+1.5
points)
(e) Find the singular values of A. (2.5 points)
May 24, 2016 Universitary badge n. . . . . . . . . . . . . . . . .
Linear algebra - second part exam
Oral exam on:  May 26  June 29  July 14
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the matrix with real coefficients
A =
 2 0 k + 10 1 + k2 0
k + 1 0 2
 .
(a) Find the values of k ∈ R such that fA : R3 → R3 defined
by fA(x) = Ax is injective. Choose one of them and compute
f−1A (2, 0, 2). (2+2 points)
(b) Find the values of k ∈ R such that A is positive definite. Choose
one of them and find the canonical metric form of the quadratic
form q(x) = xTAx.(2+1.5 points)
(c) Find the values of k ∈ R such that 0 is an eigenvalue of A. Choose
one of them and find a (multiplicative) spectral decomposition for
A. (1+5 points)
(d) Choose a value of k ∈ R and compute A6. (1.5 points)
(e) Prove that, for all values of k ∈ R, the vector (1, 0, 1) is an eigen-
vector of A and find the corresponding eigenvalue (depending on
k). (2+0.5 points)
2) Consider the matrix with real coefficients
A =
(
1 2 3
−1 −2 −3
)
(a) Let TA : R3 → R2 defined by TA(x) = Ax. Compute a basis and
the dimension of both kerTA and im(TA). (3 points)
(b) Let F : R2 → R2 defined by F (x, y) = (x + y, x + y). Prove that
F ◦ TA : R3 → R2 is the null transformation, even if F it is not.
(3 points)
(c) Prove that the system Ax = (1 1)T is impossible and find the
least square solution. (0.5+5 points)
(d) Compute the projections of (1, 1) on both C(A) andN (AT ). (1+1.5
points)
(e) Find the singular values of A. (2.5 points)
June 27, 2016 Universitary badge n. . . . . . . . . . . . . . . . .
Linear algebra - Written test
Oral exam:  June 29 morning  June 29 afternoon  July 14
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the matrix with real coefficients
A =
 −1− a −1 0−1 −1 0
0 0 10− a
 .
(a) Find all the values of a ∈ R such that the endomorphism
TA : R3 → R3 TA(x) = Ax
is invertible. Choose one of them and find T−1A (1, 0, 0). (2+2
points)
(b) Let a = 10 and find the dimension of kerTA and imTA. (2 points)
(c) For which values of a ∈ R the matrix A is diagonalizable? Let
a = 0 and find the eigenvalues of A.(1+3 points)
(d) Find all the values of a ∈ R such that the matrix A is negative
definite. Find a value of a ∈ R such that A is indefinite. (2+2
points)
2) Consider the matrix with real coefficients
B =

1 2 3
2 4 7
3 6 10
3 6 10
 .
(a) Find a matrix C in row echelon form and row equivalent to B. (2
points)
(b) Give an orthonormal basis for the column space of B. (3 points)
(c) Give a basis for the nullspace of B. (2 points)
(d) Find all the solutions of Bx = (3 6 9 9)T and the least square one.
(2+3 points)
3) In each part find the required matrix or explain why such a matrix do
not exists.
(a) The matrices A and AT and A+AT have rank, respectively, 2 and
1 and 3. (2 points)
(b) The solution of Ax = 0 is unique, but the solution of ATx = 0 is
not unique. (2 points)
(c) The matrix A is orthogonal and detA = 3. (2 points)
(d) The matrix A is symmetric, but it is not a projection matrix. (2
points)
(e) The matrix A is square, but it not the null matrix, and the column
space is orthogonal to the row space. (2 points)
July 12, 2016 Universitary badge n. . . . . . . . . . . . . . . . .
Linear algebra - Written test
Oral exam:  July 14 morning  July 14 afternoon
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Let A ∈ R4×3 be a matrix row equivalent to the following matrix in
echelon form
U =
 3 −1 0 10 1 0 4
0 0 0 0
 .
(a) Find a basis for the nullspace of A. (2 points)
(b) Is it possible that the column space of A coincides with R3? (2
point)
(c) Find the set of solutions of Uy =
 3−1
0
. (2 points)
(d) Is it possible to find the solutions of Ay =
 3−1
0
? (2 points)
(e) Find the projection of
 11
1
 onto the column space of U . (4
points)
2) The matrix C, with real coefficient, has a nullspace N (C) spanned by 21
1
 ,
 31
1
 ,
 42
2
 .
(a) Give a non square matrix B such that the column space C(B) is
the same as N (C). Is such a B unique? (2+1 points)
(b) Find, if it is possible an invertible matrix, row equivalent to C. (2
points)
(c) For some vector b you are told that a particular solution of Cx = b
is
xp =
 00
1
 .
For each of the following vectors, say if it is a solution of Cx = b
x1 =
 00
0
 x2 =
 21
1
 x3 =
 21
2

(3 points)
(d) Find a basis for the row space of C. (2 points)
3) Given the matrix with real coefficient
F =
 1 1 11 1 1
1 1 1
 .
(a) Check that (1, 1, 1) is an eigenvector of F then find the eigenvalues
of F . (Hint: you can solve the exercise without computing the
characteristic polynomial).(2+2 points)
(b) Choose an eigenspace of F and find the projection matrix onto it.
(3 points)
(c) Find the signature of F and the metric canonical form. (2+1
points)
4) Consider the following system
S :

x+ y + z = 1
x− y − z = 1
x− y = 1
Find the least square solution and the error vector. (2+1 points)
August 30, 2016 Universitary badge n. . . . . . . . . . . . . .
Linear algebra - Written test
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the linear system in the real unknowns x, y, z
S :

x+ y − z = 1
x+ λy + (λ− 2)z = 1
x+ y + (λ− 2)z = 1
.
a) Write the matrix form of S. (1 point)
b) Find the values of λ ∈ R such that the system S is solvable. (4
points)
c) For λ = 1 find a basis for Sol(S0), the subspace of the solutions of
the homogeneous system associated to S. (3 points)
d) For λ = 1 find the least square solution of S and the error vector.
(5 points)
e) Let λ = 0 and denote with A the coefficient matrix of S. Find a
basis and the dimension for the intersection R(A) ∩ C(A), where
R(A) and C(A) are, respectively, the row space and the column
space of A. (2 points)
2) Consider the matrix with real coefficients
H =

1 0 0 0
1 5 0 0
1 1 1 0
1 1 1 5
 .
a) Find the eigenvalues of H. (2 points)
b) Is H diagonalizable? Explain why. (3 points)
c) Let TH : R4 → R4 be the endomorphism given by
TH(x, y, z, t) = H

x
y
z
t
 .
Is TH a bijection? Is TH a linear isometry? Explain why. (2+2
points)
3) Given the matrix
G =
 1 00 1
1 0

find a singular value decomposition. (8 points)
December 19, 2016 Universitary badge n. . . . . . . . . . .
Linear algebra - written test
Oral exam:
 21st, December morning  21st, December afternoon  17th, Fe-
bruary
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the matrix
A =
 0 0 00 1 1
0 1 1
 .
(a) Find the eigenvalues of A. (3 points)
(b) Find the canonical metric form of q : R3 → R defined by q(x) =
xTAx. (2 points)
(c) Find the multiplicative and the additive spectral decomposition
of A. (4+2 points)
(d) Let TA : R3 → R3 the endomorphism defined by TA(x) = Ax.
Find the dimension of the kernel kerTA and the range imTA and
a basis for each of them. (3 points)
2) Consider the following linear system with real coefficient in the unkno-
wns x, y, z
S :

x+ 2y + 3z = 1
2x+ 4y + 6z = 1
3x+ 6y + 9z = λ
.
(a) Prove that for each value of λ ∈ R the system S is impossible. (2
points)
(b) Fix λ = 1 and find the least square solution of S. (6 points)
3) Consider the following subspace of R4
U = span ((2, 0, 1, 0), (1, 1, 1, 1), (1,−1, 0,−1)) .
(a) Find a basis and the dimension of U . (4 points)
(b) Find a Cartesian representation for U . (3 points)
(c) Does v = (−3, 1,−1, 1) belong to U? Explain why. (3 points)
